We study the phase sensitivity in the conventional SU (2) and nonconventional SU (1, 1) interferometers with the coherent and squeezed vacuum input state via the quantum Cramer-Rao bound. We explicitly construct the detection scheme that gives the optimal phase sensitivity. For practical purposes, we show that in the presence of photon loss, both interferometers with proper homodyne detections, are nearly optimal. We also find that unlike the coherent state and squeezed vacuum state, the effects of the imperfect detector on the phase sensitivity cannot be asymptotically removed for a generic coherent-squeezed state by increasing the amplifier gain of the OPA before the final detection.
I. INTRODUCTION
Recently, the first direct detection of a gravitational wave has been carried out [1] . The prototype of such a detection is to measure a relative phase shift between the two arms of an interferometer due to passing a gravitational wave. The classical setup is to feed the interferometer with a coherent and vacuum state. The phase sensitivity of this strategy is bounded by the shot-noise limit (SNL) [2] . The SNL per se is remarkable enough to accomplish the sensitive detection of a gravitational wave. However, further improvements are still needed for more events.
One task of quantum optical metrology is to find the ultimate limits on the phase sensitivity and the states that achieve these limits [3] . In the absence of photon loss, employing quantum resources such as N 00N states and entangled states [4] , it is possible to improve the phase sensitivity from the SNL to the Heisenberg limit (HL) [5] . While the nonclassical states give enhanced phase sensitivities, their generations are known to be highly difficult and resource intensive. Moreover, these states with number of photons are very fragile to photon losses. A more practical strategy is using a coherent and squeezed vacuum as the input, which gives better phase sensitivity than the SNL [2, 6, 7] . For an ideal interferometer, the optimality of this strategy is proved in Ref. [7] . Another possibility to beat the SNL is to use the nonconventional interferometer first proposed in Ref. [8] , such as the optical-parametric amplifier (OPA)-based interferometer [9] .
In this paper, we will use the Gaussian input states to examine their optimal performances in the conventional SU (2) and nonconventional SU (1, 1) interferometers. We find that the detection schemes that gives the optimal phase sensitivities can be explicitly constructed based on the quantum Cramer-Rao bounds (QCRB) * Electronic address: gaoyangchang@outlook.com
The schematics of (a) SU (2) and (b) SU (1, 1) interferometers. There is a π phase difference between the two OPAs. φ: relative phase shift between the two arms; M : mirror. [10, 11] , which can be realized by the balanced homodyne detection associated with intensity-intensity correlations [12] . The effects of internal and external photon losses on the phase sensitivity will be investigated. In the presence of the internal loss, we will illustrate that both interferometers with proper homodyne detections, are nearly optimal for practical situations. Especially, the previously known results for the equally lossy SU (2) interferometer are generalized to the unequally lossy case. We will find that the squeezed component of the input state in the lossy SU (1, 1) interferometer is effectively unnecessary. It will be also shown that by increasing the amplifier gain of the OPA before the final detection, the effects of the detector inefficiency on the phase sensitivity cannot be asymptotically removed for a generic coherentsqueezed state, except for the coherent state [13] and the squeezed vacuum state [14] .
The organization of this paper is as follows. In Section II we review the QCRB with the Gaussian states, and construct the relevant operators (describing the detection scheme) that could hit the QCRB. Some examples for the phase sensitivity in the SU (2) interferometer are discussed in Section III. Section IV contains some examples in the SU (1, 1) interferometer. Then we consider the effects of the detection inefficiency on the QCRB in Section V. Finally, we end with a short conclusion.
II. QCRB WITH GAUSSIAN STATES AND OPTIMAL DETECTIONS
We suppose that the phase shift φ is encoded in the output state ρ of the photons, after passing the interferometer. The QCRB sets the ultimate limit for the phase sensitivity ∆φ in the quantum optical metrology [3, 10] . It is related to the quantum Fisher information (QFI) F by
The QFI is given by the variance of the so-called sym-
where the notations
, and O ′ = ∂ φ O for an arbitrary operator. Here the fact L = 0 has been used. The analytical expression or numerical calculation of the QFI usually pose formidable challenges. One exception is for the Gaussian state [11] , which is completely characterized by the mean vector v and covariance matrix Σ. For two-mode Gaussian state with annihilation operators a 1 and a 2 , we have
where
2 ),ã = a − v, and (·) means the symmetrized ordering product. The SLD and QFI for the Gaussian state in the matrix forms are given by [11] ,
where the matrix elements are
in terms of Ω jk = [a j , a k ], and the vector is b = Σ −1 v ′ . Here the direct-product of two arbitrary matrices A and B is defined by (A ⊗ B) jk,pq = A jp B kq .
Since the QCRB for the phase sensitivity is asymptotically attainable for a large number of repeated measurements, it is imperative to specify a detection scheme that could achieve the QCRB. For the Gaussian state, we take the detection scheme as
where the matrix A 0 and the vector b 0 can be freely chosen for our purpose. The detection signal is thus given
The rate of this signal change as a function of phase is
Meanwhile, the detection noise is described by
2 , where
The phase sensitivity is then estimated as the ration of the detection noise versus the rate of the signal change,
Now assuming A 0 = A and b 0 = b, from Eqs. (5, 8, 9) we find that M − M and ∂ φ M become the SLD and QFI, respectively. So Eq. (10) takes
for F = L 2 . Therefore, the attainability of the QCRB for the Gaussian state is constructively proved.
Compared with the previously known detection schemes such as parity, intensity, intensity difference, homodyne detections and etc., the M -detection could always show the best performance among all possible detections irrespective of photon loss. Though the parity detection gives the optimal sensitivity under the lossless conditions, it suffers greatly under the lossy conditions. Because the quadratic form of the M -detection, its physical realization can be simply implemented by the balanced homodyne detection associated with intensityintensity correlations according to Ref. [12] . Furthermore, the explicit form of M -detection allows us to assess the performances of other schemes, and shows the way to better detection schemes.
III. PHASE SENSITIVITY IN THE SU (2) INTERFEROMETER
In the traditional Mach-Zehnder interferometer (MZI) [8] as shown in Fig. 1(a) , the output signal is very sensitive to the relative phase shift between the two arms. The ability to resolve extremely small relative phase shift finds many applications in optical gyroscopes, gravita- tional wave detection, quantum imaging and sensing [15] .
It is more convenient to use the SU (2) group formalism for this passive lossless four-port optical system. The propagation of photons through the MZI can be described by the composition of three SU (2) transforma-
where T BS and T φ represent the actions of the beam splitter and the symmetric phase shift [16] , respectively. Without the phase shift, T BS T BS = 1 and the output is equal to the input.
With a coherent state |α 1 |0 2 = e α(a † 1 −a1) |0 1 |0 2 into the MZI, the mean vector and covariance matrix of the input state are
After the transformation T MZI , the output state is represented by
For simplicity, we assume that the estimated phase is around φ = 0 from now on. The calculations lead to the QFI F = α 2 , and the
namely, a homodyne detection. The optimal phase sensitivity is thus the SNL, ∆φ = 1/ √ n c , where n c = α 2 is the average photon number in the coherent beam.
It has been shown that the SNL can be beaten by taking advantage of quantum resources towards achieving the more fundamental HL [5] 
2 )/2 |0 1 |0 2 as the input [2, 6, 7] . It is described by
where X = cosh 2r, Y = sinh 2r, and r is the squeezing factor. Then output state is represented by
The corresponding QFI is given by F = α 2 e 2r +sinh 2 r, and the M -detection is
It can be seen that for a given average photon number n = n c + n s = α 2 + sinh 2 r, the phase sensitivity reaches the HL at the optimal point n c ≃ n s . However, due to technical limitations, n s ≪ n c and n ≈ n c , we actually have ∆φ ≃ e −r / √ n, which can still beat the SNL for a positive squeezing factor. Moreover, the M -detection is approximately a homodyne detection M ∝ p 2 .
Next, we consider photon loss to the environment inside the interferometer. It can be modeled by a fictitious beam splitter at the middle of the interferometer arm, which transforms the beam as follows:
, where ξ k is the photon transmissivity, and υ k is the environment mode in the vacuum state. The actions of L on the mean vector and covariance matrix take the form of
Using this formalism, the QCRB for a coherent and squeezed vacuum state into the MZI can be obtained. For a coherent state (r = 0), it gives the phase sensitivity ∆φ = 1/ √ ξn c , which is a constant factor ξ = (ξ 1 + ξ 2 )/2 reduction of the ideal case. To investigate the scaling of phase sensitivity versus the average photon number n, we take the optimization over n s under the constrain n = n c + n s . Using the large-n expansion, we find that
and the optimal value of n s is n s = O( √ n) ≪ n. We can see from Fig. 2 (a) that in the presence of photon loss, the phase sensitivity approaches the SNL for large n. As a comparison, for the lossless case, we note that n s ≃ n/2 and ∆φ ≃ 1/n.
For the practical cases, n s ≪ n c and n ≈ n c , we have the approximate QCRB,
If the squeezing factor r is sufficiently large, i.e., e 2r ≫ ξ/(1 − ξ), we further obtain ∆ 2 φ ≃ (1 − ξ)/(ξn), which is just the optimal phase sensitivity in Eq. (19) . As for the M -detection scheme, it effectively becomes a generalized homodyne detection,
which reduces to p 2 -detection for the balanced lossy arms ξ 1 = ξ 2 [17] . With this M -detection, the phase sensitivity yields Eq. (20) . On the other hand, the phase sensitivity based on the p 2 -detection is
where ζ = (
As shown in Fig. 2(b) , for the unbalance lossy arms, the generalized homodyne detection gives better result than the simple p 2 -detection and approaches Eq. (19) as n c → ∞. That is to say, in the presence of photon loss, the MZI with the practical coherent and squeezed vacuum state, plus the M -detection, performs nearly optimal. This generalizes the previously known results for the equal lossy arms in Refs. [18] .
IV. PHASE SENSITIVITY IN THE SU (1, 1) INTERFEROMETER
To beat the SNL, Yurke et al. proposed a new type of interferometer in which the beam splitters of the traditional MZI is replaced with active four-port wave mixers [8] . Unlike the traditional MZI described by the SU (2) group, this type of interferometer is described by the SU (1, 1) group. For the setup in Refs. [9] , two OPAs replace two beam splitters in the traditional MZI. In Fig. 1(b) , we slightly modify the setup in Refs. [9] by placing the traditional MZI between two OPAs in order to avoid the phase ambiguity discussed in Ref. [16] . The transformation between the input and output modes is then given by a → T − OPA T MZI T + OPA a, where
where T ± OPA represent the actions of the OPAs. Here µ = cosh g, ν = sinh g, and g is the parametrical strength in the OPA process. Note that T − OPA T + OPA = 1. Thus in the absence of phase shift, the input equals the output.
We first consider the ideal SU (1, 1) interferometer. The QFI with the coherent input state |α 1 |0 2 is calculated as
where G = 2 sinh 2 g is the spontaneous photon number emitted from the first OPA. We notice that Eq. (24) is different from the corresponding result in Ref. [17] , because we used the symmetric phase shift between the two arms instead of the biased phase shift. Without the OPA process (G = 0), F = n c gives the SNL for a coherent state. For the vacuum input (n c = 0), the state after the first OPA is the two-mode squeezed vacuum, and the QFI becomes F = G(G+ 2). Because the average photon number inside the interferometer is just n = G, we have ∆φ = 1/ n(n + 2) [20] . However, due to technical limitations, n c ≫ G, the actual phase sensitivity becomes ∆ 2 φ ≃ 1/(2n c G 2 ) when the amplification of the input signal gets large, i.e., G ≫ 1. So the phase sensitivity is improved by a factor of 2G 2 compared with the SNL. If we use |α 1 |0, r 2 as the input state, the QFI is calculated as
We note that the average photon number inside the interferometer is given by n = (G + 1)(n c + n s ) + G. For the practical cases, n c ≫ max{G, n s } ≫ 1, the QCRB 
That is, the phase sensitivity is further enhanced by a factor of 2n s with respect to the coherent input state. For the MZI with the same input state, the relevant phase sensitivity is ∆ 2 φ ≃ 1/(4n c n s ). Therefore, the SU (1, 1) interferometer performs better than the MZI by a factor of G 2 (see Fig. 3(a) ). Now we study the effects of photon loss on the SU (1, 1) interferometer. Following the similar steps as the MZI case, the QCRB for the lossy interferometer can be calculated. The numerical results are plotted in Fig. 3(b) . It can be seen that for max{G, n s } ≫ 1, and n c → ∞, we have
for the MZI with the input state |α 1 |0, r 2 , and
for the SU (1, 1) interferometer with the input state |α 1 |0 2 or |α 1 |0, r 2 . For the balanced lossy arms (ξ 1 = ξ 2 = ξ), both of them approach ∆ 2 φ → (1 − ξ)/(ξn), i.e., the fundamental lower bound of the phase sensitivity derived in Refs. [18] . This implies that replacing the second vacuum port with a squeezed vacuum is almost unnecessary for a lossy SU (1, 1) interferometer. Finally, the optimal M -detection is also approximately a homodyne detection.
V. EFFECTS OF EXTERNAL LOSS
In the previous sections we only consider the effects of photon loss to the environment insider the interferometer. Now we investigate the photon loss at the detectors, due to imperfect detectors [13, 14] . This external loss can also be modeled by a fictitious beam splitter as the internal loss, where the transmissivity parameter ξ k is related to the detection inefficiency. Ignoring the internal photon loss and assuming ξ 1 = ξ 2 = ξ, the QFI for the input state, |α 1 |0, r 2 , in the SU (1, 1) interferometer becomes
For the ideal detector, ξ = 1, we get Eq. (25). For a vacuum input, α = r = 0, F = ξ 2 G(G + 2), which reduces the ideal result by a factor of ξ 2 . For the practical situations n c ≫ max{G, n s } ≫ 1, F ≃ ξ(2 − ξ)n c G 2 /(1 − ξ), which also means that the squeezed component of the input state is almost unnecessary. If the second OPA is not introduced, namely, T − OPA = 1, the corresponding QCRB is plotted in Fig. 4(a) as a comparison. It indicates that the implement of the second OPA improves the phase sensitivity over that without the OPA before the final detection.
Next, we consider the following question: whether the effects of the detector inefficiency on the phase sensitivity can be effectively removed by an OPA (with gain G) before taking the final detection. For simplicity, a singlemode analog of the interferometer is invoked. We take a coherent-squeezed state, |α, r = e α(a † −a) e r(a †2 −a 2 )/2 |0 , as the input to the phase shifter T φ = e −iφa † a . Then an OPA is introduced by T − OPA = e g(a 2 −a †2 )/2 . At last, the external loss described by La = a √ ξ + υ √ 1 − ξ is applied. The combined transformation is thus given by
Our task is to optimize the corresponding QCRB over the adjustable parameters φ, G. We find that for a given φ, the relevant QFI is a increasing function of G. As G → ∞, we obtain
The optimization of this QFI over φ is plotted in Fig.  4(b) . We see that the QCRB in the presence of the external photon loss is always smaller than the ideal case. Only for some exceptional points, α = 0 (squeezed vacuum state) and r = 0 (coherent state), they can be equal to ∆φ = 1/(2α) and √ 2Y , respectively [13, 14] . In other words, by increasing the amplifier gain, the effects of the detector inefficiency on the QCRB cannot be asymptotically canceled out for a generic coherent-squeezed state. Similar results can be obtained for the two-mode case.
VI. CONCLUSION
In summary, we have used the coherent and squeezed vacuum input state to study its optimal performances in the traditional MZI and the OPA-based MZI via the QCRB. Based on the SLD, we have explicitly constructed the detection schemes that gives the optimal phase sensitivities. Considering the technical limitations, we have shown that in the presence of photon loss, both of the interferometers with a proper homodyne detection are nearly optimal.
Especially, we have generalized the previously known results for the equally lossy SU (2) interferometer to those for the unequally lossy case. We have also found that the squeezed component of the input state in the lossy SU (1, 1) interferometer is effectively unnecessary. Finally, we have found that the effects of the detector inefficiency on the QCRB cannot be asymptotically canceled out for a generic coherent-squeezed state by increasing the amplifier gain of the OPA.
